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Abstract: We reanalyse the gravitational couplings of the perturbative orientifold
planes Op−, Op+ (and D-branes). We first compute their D−1 instantonic correc-
tions for p = 3. Then, by using U-dualities, we obtain the Wess-Zumino terms of
orientifolds with RR flux for p ≤ 5. The expressions for the effective actions can be
partially checked via M-theory. We point out a previous oversimplification and we
show in fact that the difficulty still stands in the way of the full computation of 7
Brane instanton corrections.
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1. Introduction
Four kinds of orientifold p-planes with sixteen supersymmetry charges exist: Op−,
Op+ and for (p ≤ 5) O˜p− or O˜p+ [1, 2]. Only Op− and Op+ can be described
perturbatively (in the string coupling) as the fixed planes of the orientifold projec-
tion Ω which acts on the world-sheet and on the Chan-Paton factors. O˜p− can be
interpreted as the bound state of an Op− and half a Dp brane, as one obtains the
right RR charge for 1
2
Dp on top of an Op−. Then adding n more Dp’s, we obtain
the gauge group SO(2n+ 1) which extends the SO(2n) realization. The transverse
space to the orientifolds contains a RP 2 (resp. RP 5−p) cycle through which the fluxes
ϑNS =
∫
RP 2
BNS and ϑR =
∫
RP 5−p
C5−p are 0 or 1 mod two (Tab. 1).
The effective world-volume actions of the Op−, Op+ planes and Dp-branes can
be determined perturbatively by a string computation [3, 4, 5] or by requiring the
consistent cancellation of anomalies that arise when pairs of branes intersect [6, 7].
The perturbative formulae for the orientifold planes and the Dp-branes are:
WZ(Op−) = −2p−5
∫
Mp+1
C ∧
√
Lˆ(R/4) (1.1)
WZ(Op+) = 2p−5
∫
Mp+1
C ∧ (2
√
Aˆ(R)−
√
Lˆ(R/4)) (1.2)
WZ(Dp) =
∫
Mp+1
C ∧ ch(E) ∧
√
Aˆ(R) (1.3)
where C is the sum of RR forms
∑
i Ci. Aˆ(R) and Lˆ(R) are respectively the Dirac
roof genus and the Hirzebruch polynomial given in terms of Pontryagin classes by:
Aˆ(R) = 1− 1
24
p1 +
1
5760
(7p21 − 4p2) (1.4)
Lˆ(R/4) = 1 +
1
48
p1 − 1
11520
(p21 − 7p2) (1.5)
The Chern Character of the D-brane bundle appears too and the maximal dimension
possible is p + 1 = 10. Let us notice that the difference (1.1)-(1.2) only depends on
the square root of the roof genus whereas the first topological term (1.1) depends
only on the square root of the signature. These perturbative results are strikingly
simple.
As we know the transformation of BNS and C2 under SL(2,Z), we may deduce the
congruence subgroups G of Sl(2,Z) that preserve the various orientifold 3-planes
(Tab. 1). It should be stressed that the charges (ϑNS , ϑR) transform cogradiently to
the gauge fields (BNS, C2) under G.
In [8], the gravitational coupling of an O˜p− orientifold was computed by adding
the Wess-Zumino terms of an Op− orientifold and half a Dp brane. The latter was
assumed to be one half the Wess-Zumino action of a full Dp brane. This hypoth-
1
esis seems too strong because the Dp
2
brane has to be non perturbative to make a
perturbative Op− into a non perturbative O˜p−.
We will see in section two that this hypothesis is incorrect. We will compute
gravitational couplings for O˜p− and O˜p+ orientifolds that differ from those of [8].
To obtain the Wess-Zumino actions of O˜p− and O˜p+, we will use the various S-
dualities that exist for p = 3. T-dualities reduce the problem to p = 3, one then uses
non perturbative gravitational couplings for D3, heterotic string and CHL string
on T 6 (in fact perturbative computation and SL(2,Z) invariance lead to the same
result up to normalisation for D3 and heterotic string on T 6) and computes those
of O3− and O3+. One finally gets O˜3− and O˜3+ planes by applying respectively
S and ST transformation to O3+. We recall that an orientifold O(p + 1)− (resp.
O(p+ 1)+) gives by T-duality along it two Op− ( resp. two Op+) and an orientifold
˜O(p+ 1)− (resp. ˜O(p+ 1)+) gives one O˜p− (resp. O˜p+) and one Op− (resp. Op+)
[9]. Flux conservation and dualities relate the R − R charges of the orientifolds.
By a perturbative computation, we know that O3+ has charge 1
4
. As the C4 form
is invariant under SL(2,Z), we obtain that the C4-charges for O˜3− and O˜3+ are
both 1
4
. Then by using T-duality we obtain that the charge of O˜p− (resp. O˜p+) is
−2p−5 + 1
2
(resp. 2p−5 ).
In section three, we relate these results to semi-classical computations in M
theory. They rely crucially on the M5 brane , on the “orientifold” OM5 and on the
( x11 delocalized) lift of O˜4− [10].
Notation (ϑNS, ϑR) charge Qp Group Self-duality p = 3 G
Op− (0,0) mod. 2 −2p−5 + n SO(2n) SL(2,Z)
Op+ (1,0) mod. 2 2p−5 + n Sp(n) Γ0(2) = {
(
1 ⋆
0 1
)
mod 2}
O˜p− (0,1) mod. 2 −2p−5 + 1
2
+ n SO(2n+ 1) Γ0(2) = {
(
1 0
⋆ 1
)
mod 2}
O˜p+ (1,1) mod. 2 2p−5 + n Sp(n) Γ(2) = {
(
1 0
0 1
)
or
(
0 1
1 0
)
mod 2}
n Dp n U(n) SL(2,Z)
Table 1: Orientifold p-planes with n Dp branes. ⋆ stands for 0 or 1.
2. Dualities
TheWess-Zumino actions written above can receive nonperturbative corrections com-
ing from D−1 instantons stuck on the odd-planes. As the force between D−1 and Dp
branes is not repulsive for p=3 and p=7, 3-planes and 7-planes may receive cor-
rections. Moreover, only the terms with at least N
4
derivatives receive D-instanton
2
corrections in the theories with N SUSY. Indeed, a term with nf
2
derivatives is
transformed by supersymmetry in a vertex with at most nf fermions. As the D−1
instanton leaves half of the N SUSY unbroken, we have N
2
fermionic modes. To
obtain a result different from zero when we integrate over the fermionic coordinates
we have the semi-classical rule: nf ≥ N2 . In the following section, we will consider
theories with N = 16. The gravitational couplings with at least 4 derivatives will
receive D-instanton corrections. For example, for the orientifold three-planes, only
the “BPS-saturated” coupling
∫
C0p1 receives corrections from D-instantons.
We begin with the SO(32) heterotic string compactified on a two torus of Ka¨hler
class TH = BNS + iV and complex structure UH at the SO(8)
4 point corresponding
to two Wilson lines Y1 = (0
4, 04, 1
2
4
, 1
2
4
) and Y2 = (0
4, 1
2
4
, 04, 1
2
4
). We first S-dualize to
obtain type I and then apply a double T-duality along T 2. We obtain an orientifold
from IIB theory on T 2/(Z2(−)FLΩ) with 16 D7’s and 4 O7−’s where Z2 acts as
inversion on the two torus T 2, FL is the left moving fermion number and Ω is the
worldsheet parity operator. The moduli τ = C0 + ie
−φ corresponding to the D−1
action and UIIB are identified respectively with TH and UH . This is F-theory on
a special K3 surface (an elliptic fibration with base T 2/Z2 [11]). Each of the four
singular fibers corresponds to 4 D7 plus one orientifold O7− composed of a (1,1)
7-plane and a (1,-1) 7-plane. We recall that a (p, q) 7-plane is a 7-brane on which
a (p,q) string can end [12]. We prove in appendix B, that the action of an O7−
orientifold cannot be obtained by adding the Wess-Zumino terms of a (1,1) and (1,-
1) 7-planes. This is an important obstacle to deriving effective actions, we shall
circumvent it by using S-duality in four dimensions.
Let us now compactify further the preceding configuration on a four torus T 4
and apply four T-dualities, we obtain type IIB theory compactified on a T 6/Z2-
orientifold with 16 D3’s and 64 O3−’s which is dual to the heterotic string on T 6.
We should also note that heterotic string theory on T 6 is dual to type IIA theory
compactified on K3 × T 2. The modulus TH is identified with the Ka¨hler modulus
TIIA. The term
∫
fIIA(TIIA)p1 in type IIA theory can be computed exactly from
a one-loop calculation for this geometry assuming no purely non perturbative cusp
terms appear. Using the duality chain we identify this term with the Wess-Zumino
action for 16 D3 and 64 O3−. Finally, we have
∫
(16fD3(τ) + 64f03−(τ)) p1 =
∫
fHET (τ)p1 =
∫
6
π
Re [ i ln(η(τ))] p1 (2.1)
where η(τ) is the famous Dedekind function and Re is the real part. The properties
of the theta functions that we will use in this paper, have been collected in appendix
A. The first term on the left handside is a sum because the two terms correspond to
the same monodromy.
As a second theory, let us now consider a type IIB orientifold with 8D7’s, 3O7−’s
and one O7+. It is T-dual to type IIB on T 2 modded out by the worldsheet projection
3
Ω in the presence of a half-integral background flux of BNS. This orientifold is
equivalent to a compactification without vector structure [27, 14] and it is dual to
the 8-dimensional CHL string [15, 16]. By compactifying on T 4 and applying again
four T-dualities along it we obtain that the type IIB orientifold on T 6/Z2 with 8
D3’s, 48 O3−’s and 16 O3+’s is dual to the CHL string on T 6. In [17], the term∫
fCHL(TH)p1 has been computed exactly so we obtain∫
(8fD3(τ) + 48f03−(τ) + 16f03+(τ)) p1 =
∫
fCHL(τ)p1 =
∫
1
π
Re
[
i ln(ϑ2(τ)η
3(τ))
]
p1
(2.2)
Finally a IIB orientifold with 2 O7−’s and 2 O7+’s is S-dual to an asymmetric
Z2 orbifold of IIB on T
2 where the Z2 acts as (−)FL together with a translation on
T 2. There is no more D-brane. We can again compactify on T 4 and T-dualize. We
obtain that IIB orientifold with 32 O3−’s and 32 O3+’s is dual to an asymmetric Z2
orbifold of IIB on T 6. This model was argued to be U-dual to type IIA over T
4
Z2
× T 2
compactification [18]. The Z2 acts both as a twist on the T
4 and as a shift on the
two torus. The modulus τ is again identified with the Ka¨hler modulus TIIA. The
coefficient of p1 has been computed exactly in type IIA. With the duality chains, we
obtain that∫
(32f03−(τ) + 32f03+(τ)) p1 =
∫
fIIBasym(τ)p1 =
∫
2
π
Re [ i ln(ϑ2(τ))] p1 (2.3)
We now put together our three results: (2.1), (2.2), (2.3), and we obtain the
following system for the gravitational couplings of the orientifold three-planes.

 16 64 08 48 16
0 32 32



 fD3(τ)fO3−(τ)
fO3+(τ)

 =

 6πRe [ i ln(η(τ))]1
π
Re [ i ln(ϑ2(τ)η
3(τ))]
2
π
Re [ i ln(ϑ2(τ))]

 , (2.4)
The system (2.4) is singular, in fact the tadpole cancellation condition for the C4
charges Q3 leads to the constraint 2fCHL(τ) = fHET (τ)+fIIBasym(τ) which is satisfied
by our expressions. This is a non trivial check on the various dualities we have used.
Now, the p1 term for the D3 has already been computed [19, 20] (by S-duality):
fD3(τ) =
1
4π
Re [ i ln(η(τ))] (2.5)
So, we solve the independent equations (2.4) and get
fO3−(τ) =
1
32π
Re [ i ln(η(τ))] (2.6)
fO3+(τ) = − 1
32π
Re
[
i ln
(
η(τ)
ϑ22(τ)
)]
(2.7)
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By applying a transformation S or ST on O3+, we obtain respectively the couplings
for the O˜3− and O˜3+ planes:
f
O˜3−
(τ) = − 1
32π
Re
[
i ln
(
η(τ)
ϑ24(τ)
)]
(2.8)
f
O˜3+
(τ) = − 1
32π
Re
[
i ln
(
η(τ)
ϑ23(τ)
)]
(2.9)
The expressions (2.6), (2.7) in the weak coupling regime e−φ → ∞ reproduce the
known tree level coupling p1. The exponential terms
∑
n µ(n)e
2iπnτ are identified with
the D−1 contributions. The expressions (2.6), (2.7), (2.8), (2.9) are also invariant
under the right duality groups. Indeed, the groups SL(2,Z), Γ0(2), Γ0(2) and Γ(2)
correspond to the invariance groups (modulo phases and ln
(
τ
τ¯
)
terms) of η, ϑ4, ϑ2,
ϑ3 respectively.
Moreover, expanding f
O˜3−
(τ) and f
O˜3+
(τ) in the weak coupling regime, we find
f
O˜3−
(τ) =
1
384
C0 +O(e
2iπnτ ) (2.10)
f
O˜3+
(τ) =
1
384
C0 +O(e
2iπnτ ) (2.11)
By applying T-duality on O˜3− and O˜3+, we obtain the Wess-Zumino terms for all
p ≤ 5
WZ
(
O˜p−
)
= (−2p−5 + 1
2
)
∫
Mp+1
C ∧
√
Lˆ(R/4) (2.12)
WZ
(
O˜p+
)
=
∫
Mp+1
C ∧
(
(−2p−5 + 1
2
)
√
Lˆ(R/4) +
√
Aˆ(R)(2p−4 − 1
2
)
)
(2.13)
We could define the Wess-Zumino action for a halfDp brane as the difference between
WZ(O˜p−) and WZ(O˜p). We obtain for p ≤ 5
WZ
(
Dp
2
)
=
1
2
∫
Mp+1
C ∧
√
Lˆ(R/4) (2.14)
These results differ from [8] and this can be traced back to the fact thatWZ(O˜4−)
is different from zero in there. Our results will be reproduced in the next section
through computations in M-theory. Note also that the difference (2.13)-(2.12) de-
pends only on the square root of the roof genus as was the case for the difference
(1.1)-(1.2).
3. M-theory interpretation of Orientifold Planes
We intend to compare these results with graviton scattering in eleven dimensional
supergravity at one-loop. But, first, let us review the M-theory interpretation of
5
orientifold four planes [21, 10, 2]. We shall denote by Sn a circle along the n
th
direction.
a) O4− is lifted to M-theory on R4,1 × R5
Z2
× S11 with Z2 the R5 parity. The fixed
plane R
5
Z2
called OM5 must carry −1
2
the unit charge of an M5 brane in order to
cancel the 6d gravitational anomaly [22]. We do not need to add a twisted sector
on this plane. Thus, this object carries the same charge as the O4− ( Q4 = −12).
Compactifying O4− on S9 and applying a T-duality along this direction, we obtain
two O3−’s in type IIB. Now this configuration is lifted to R3,1 × R5
Z2
× T 2 with the
two-torus T 2 along the nine and eleven directions. The complex IIB coupling τ is
identified with the complex structure U = R9
R11
eiθ of the two-torus T 2 where θ is the
angle of the torus whose cycles have length 2πR9 and 2πR11. Thus, according to
(2.6), OM5 wrapped on T 2 should have a term ∫
R3,1
1
16π
Re [ i ln(η(τ))] p1.
b) O4+ is lifted toM-theory on R4,1× R5
Z2
× S11 with a M5 brane. This M5 is stuck
on the fixed plane of Z2 by imposing as holonomy along S11 an element of O(2),
W =
(
1 0
0 −1
)
which is not connected to the identity [10].
This configuration reproduces the charges of the O4+. Compactifying O4+ on
S9 and applying a T-duality, we obtain that a IIB configuration with 2 O3
+ is lifted
to an OM5 and a M5 brane both stuck at the fixed point of Z2 and wrapped on T 2
with a Wilson line W . We can deduce from (2.7)-(2.6) that the contribution of the
M5 alone must be equal to the difference
2WZ(O3+ − O3−) =
∫
R3,1
1
4π
Re
[
i ln
(
η(2τ)
η(τ)
)]
p1 (3.1)
c) O˜4− is lifted to M-theory on R4,1 × R5×S11
Z2
with Z2 now the R
5 parity times the
action on the circle S11 by a shift: x11 → x11 + π. As there is no fixed point, there is
no OM5 and no M5. Moreover, the shift produces a non-trivial “discrete torsion”
for the RR 1-form C1 in type IIA [10, 21]. So, this configuration reproduces the fact
that O˜4− has a vanishing Q4 charge and a non-trivial RR flux for C1. Compactifying
on S9 and applying a T-duality, we obtain one O3
− and one O˜3−. So, M-theory on
R3,1 × R5×S11
Z2
× S9 should have a term 116πRe [ i ln(ϑ4(τ))] p1 according to (2.6) and
(2.8).
d) Finally, O˜4+ wrapped on S9 (which has also a non trivial discrete torsion for the
1-form RR in type IIA) is lifted to M-theory on R3,1 × R5×S11
Z2
× S9 with a M5
wrapped on S9 and stuck at the origin on the circle of half radius
S11
Z2
. Applying a
T-duality along S9, we obtain that a pair of O˜3+ and O3
+ orientifolds are lifted to
M-theory on R3,1× R5×T 2911
Z2
with a M5. To be compatible with our previous results,
the M5, in this new geometry, must have a term
WZ(O˜3+ +O3+ − O˜3− − O3−) =
∫
R3,1
1
4π
Re
[
i ln
(
η(τ)
η( τ
2
)
)]
p1 (3.2)
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Now we would like to reproduce the terms (3.1), (3.2) which are the M-theory
consequences of (2.5), (2.6), (2.7), (2.8), (2.9) from a one- loop computation in M-
theory. The topological origin in M-theory of gravitational couplings ∫ C1p1 for
four planes is not clear. It was argued in [23] that the chirality of M5 and OM5
gives the right Wess-Zumino actions for the D4 brane, orientifolds O4− and O4+,
after compactifying on a circle. As the orientifold O˜4− is not associated to any M5
or OM5 in M-theory, it is quite encouraging to find that its Wess-Zumino action
vanishes. Although we do not know how to reproduce the terms (3.1), (3.2) for the
M5 brane, we are going to reproduce terms proportional to trR ∧ ⋆R. As we have
at least N = 1 in d = 4, the CP-even and odd parts Aeven and Aodd are the same up
to a factor i [24].
A M5 wrapped on a two torus T 2 with a Wilson line W must have a term∫
R3,1
1
4π
Re
[
ln
(
η(τ)
η(2τ)
)]
trR ∧ ⋆R (3.3)
Moreover a M5 wrapped on S9 and stuck on a circle of half radius reproduces the
term ∫
R3,1
1
4π
Re
[
ln
(
η( τ
2
)
η(τ)
)]
trR ∧ ⋆R (3.4)
Let us now consider a one-loop diagram with two external gravitons scattering
in the world volume of a M5 brane (Fig. 1).
M5g
g
KK
Figure 1: Two external gravitons scattering in the world volume of a M5 brane.
This one-loop effect can be computed as the sum of Feynman diagrams with the
(2,0) tensor multiplet of the M5 circulating in the loop. The Kaluza-Klein modes
with momenta p11 =
l11
R11
and p9 =
l9
R9
circulating in the loop will be interpreted
as a bound state of l11 D0 branes that moves along an euclidean times x
9 in type
IIA and as all (l9, l11) D-instantons in IIB theory on the orientifold plane. This
7
loop amplitude can be also calculated by using the light cone description of the
superparticle [25].
The expression for the one-loop amplitude is [25], [20]:
Aeven =
∫
R3,1
1
16π
trR ∧ ⋆R
∫ ∞
0
dt
t
∑
lI
e−πtG
IJ lI lJ (3.5)
where GIJ lI lJ =
|l9−l11τ |2
V2τ2
. The overall normalization is chosen in order to reproduce
(2.5) the correction for a D3 brane [20]. A T-dualized D3 is lifted to a M5 wrapped
on a two torus, in this case lI ∈ Z2. Finally
Aeven =
∫
R3,1
1
16π
trR ∧ ⋆R
∫ ∞
0
dt
t
∑
lI∈Z2
e−πtG
IJ lI lJ (3.6)
Doing a Poisson resummation, we obtain
Aeven =
∫
R3,1
1
16π2
trR ∧ ⋆R
∑
wI∈Z2
τ2
|w11 − w9τ |2 (3.7)
This Maass function can be regularized by eliminating the pole at s = 1:
Eˆ1 = lim
s→1

 ∑
wI∈Z2\(0,0)
(
τ2
|w11 − w9τ |2
)s
− π
s− 1

 = −4πRe [ ln (η(τ))] (3.8)
modulo a perturbatively invisible logarithmic term −π ln(τ2), not present in the
Wilsonian effective action of the orientifolds and D3 branes, so we have removed it
by hand. So, we obtain
Aeven = − 1
4π
Re [ ln (η(τ))]
∫
R3,1
trR ∧ ⋆R (3.9)
Now, we need to determine properly the Kaluza-Klein modes which are identified
with (l9, l11) D-instantons, ie the ranges of values of (l9, l11) for the other configura-
tions. We use that the number of bound states for (0, 1) instantons on an orientifold
O3− or O˜3− (resp. O3+ or O˜3+) is integer (resp. half integer) as the gauge group is
SO (resp. Sp). This analysis has been done for the system (0, 1) instanton (ie D−1)
on O3± in [26] and for the system D−1 on O˜3± in [27]. This can also be understood
in the picture IIA-M [10]. Now, doing a S-duality exchanges O3+ with O˜3− and
permutes l9 with l11. A transformation T exchanges O˜3− with O˜3+ and shifts l9 by
l11. So, using the various self-duality subgroups preserving the orientifold 3-planes
(see Table 1), we list the number of D-instantons living on them the solution in Table
2 below.
8
(l9, l11) mod 2 O3
− O3+ O˜3− O˜3+
(0, 1) 1 1
2
1 1
2
(1, 0) 1 1 1
2
1
2
(1, 1) 1 1
2
1
2
1
Table 2: Minimal topological charges for (l9, l11) instantons on orientifold three-planes.
Now let us compute in the two cases including an M5 brane. We first want
to reproduce the expression for a M5 wrapped on T 2 with a Wilson line W. The
Kaluza-Klein circulating in the loop correspond to instantons stuck on O3+ and we
need to sum the one-loop amplitude over Z
2
.(0, 1) , Z.(1, 0) and Z
2
.(1, 0).
First, the one-loop amplitude is a sum over Z
2
.(0, 1), this means that we must
sum (3.5) over (l9 ∈ Z, l11 ∈ Z+ 12) and (2Z, 2Z+ 1):
A
Z
2
.(0,1)
even =
1
16π
∫
R3,1
trR ∧ ⋆R
∫ ∞
0
dt
t

 ∑
(l9∈Z,l11∈Z+
1
2
)
+
∑
(2Z,2Z+1)

 e−πtGIJ lI lJ (3.10)
By rescaling the second summation, we obtain
A
Z
2
.(0,1)
even = 2
1
16π
∫
R3,1
trR ∧ ⋆R
∫ ∞
0
dt
t
∑
(l9∈Z,l11∈Z+
1
2
)
e−πtG
IJ lI lJ (3.11)
This can be written as:
A
Z
2
.(0,1)
even = 2
1
16π
∫
R3,1
trR ∧ ⋆R
∫ ∞
0
dt
t

 ∑
(l9∈Z,l11∈
Z
2
)
−
∑
(Z,Z)

 e−πtGIJ lI lJ (3.12)
Using the regularization (3.8), we obtain the result
A
Z
2
.(0,1)
even =
∫
R3,1
1
4π
Re
[
ln
(
η(τ)
θ4(τ)
)]
trR ∧ ⋆R (3.13)
By analogy with the previous rule, the one-loop amplitude over Z.(1, 0) is
AZ.(1,0)even =
1
16π
∫
R3,1
trR ∧ ⋆R
∫ ∞
0
dt
t
∑
(l9∈2Z+1,l11∈2Z)
e−πtG
IJ lI lJ (3.14)
Doing the same kind of algebraic manipulation as previously, we obtain
AZ.(1,0)even =
∫
R3,1
1
8π
Re
[
ln
(
η(τ)
θ2(τ)
)]
trR ∧ ⋆R (3.15)
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Moreover, by applying some SL(2,Z) transformations, we can obtain the following
one- loop amplitudes:
A
Z
2
.(1,1)
even =
∫
R3,1
1
4π
Re
[
ln
(
η(τ)
θ3(τ)
)]
trR ∧ ⋆R (3.16)
A
Z
2
.(1,0)
even =
∫
R3,1
1
8π
Re
[
ln
(
η(τ)
θ2(τ)
)]
trR ∧ ⋆R (3.17)
AZ.(1,1)even =
∫
R3,1
1
8π
Re
[
ln
(
η(τ)
θ3(τ)
)]
trR ∧ ⋆R (3.18)
Finally, the summation over the D-instantons stuck on O3+ is
A
Z
2
.(0,1)
even + A
Z.(1,0)
even + A
Z
2
.(1,1)
even =
∫
R3,1
1
4π
Re
[
ln
(
η(τ)
η(2τ)
)]
trR ∧ ⋆R (3.19)
We obtain the right result (3.3).
Now, we do the same thing for M5 wrapped on S9 and stuck on a circle of half
radius S11/2. We have seen previously that the Kaluza-Klein modes stuck on M5
correspond to D-instantons on O3+ and O˜3−. So, the one-loop amplitude , according
to the table 2, is:
2A
Z
2
.(0,1)
even + A
Z.(1,0)
even + A
Z
2
.(1,1)
even + A
Z
2
.(1,0)
even + A
Z.(1,1)
even =
∫
R3,1
1
4π
Re
[
ln
(
η( τ
2
)
η(τ)
)]
trR ∧ ⋆R
(3.20)
We obtain the right result (3.4)
4. Conclusion:
Using various string dualities, we have found the Wess-Zumino actions for orientifold
planes with a non trivial RR flux. The p = 7 analog problem remains open. The
precise rules of instantonic computation are not known but this could be circum-
vented by using S, T dualities. We have used (following [10]) the lift of orientifolds
O˜p± in M theory without giving a name as they are not localized. But we found a
set of rules for D-instantons living on orientifold three planes.
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Appendix A: Properties of Theta functions
10
we set q = e2iπτ
η(τ) = q
1
24
∞∏
n=1
(1− qn) (4.1)
ϑ2(τ) = 2q
1
8
∞∏
n=1
(1− qn)(1 + qn)2 = 2η
2(2τ)
η(τ)
(4.2)
ϑ3(τ) =
∞∏
n=1
(1− qn)(1 + qn+ 12 )2 = 2 e
−ipi
3
1− τ
η2(1+τ
1−τ )
η(τ)
(4.3)
ϑ4(τ) =
∞∏
n=1
(1− qn)(1− qn− 12 )2 = η
2( τ
2
)
η(τ)
(4.4)
2η3(τ) = ϑ2ϑ3ϑ4 (4.5)
S T
η(τ)
√−iτη(τ) e ipi12 η(τ)
ϑ2(τ)
√−iτϑ4(τ) e ipi4 ϑ2(τ)
ϑ3(τ)
√−iτϑ3(τ) ϑ4(τ)
ϑ4(τ)
√−iτϑ2(τ) ϑ3(τ)
Table 3: Transformations of the Theta functions under the generators S and T of SL(2,Z)
Poisson’s Resummation:
∑
~l∈Z
e−π(
~l+~x).A.(~l+~x) = A−
1
2
∑
~w∈Z
e−π ~w.A
−1. ~w+2πi~w.~x (4.6)
Appendix B: The puzzle of seven planes
The Green-Schwarz terms for the Heterotic string compactified on T 2 (with gauge
group SO(8)4), dual to IIB orientifold with 16 D7 and 4 O7−, has already been
computed in [28]. For example, we can deduce that∫
(16fD7(τ) + 4fO7−(τ)) p2 =
∫
1
120π
Re [i ln(ϑ4(τ)η(τ))] p2 (4.7)
Now, we will assume that the Wess-Zumino action of O7− can be obtained by adding
the action of a (1,1) and (1,-1) 7-planes. We can note that even though these (p,q)
7-planes are associated with strong coupling and may not have a well-defined La-
grangian description, the Wess-Zumino terms are topological and must make sense
at least for anomaly cancelling reasons.
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By definition, the action of a (p,q) 7-plane is found by applying the inverse of
a g(p,q) =
(
p r
q s
)
ǫ SL(2,Z) transformation on the action of a D7 brane. So, the
function fD7(τ) must be invariant under T so that the action for the (p,q) branes
does not depend on the integers r and s. Then, if we ignore possible interaction
terms, we obtain:
16fD7(τ) + 4
(
fD7(g
−1
(1,1)τ) + fD7(g
−1
(1,−1)τ)
)
=
1
120π
Re [i ln(ϑ4(τ)η(τ))] (4.8)
Algebraic manipulations imply that T-invariance of D7 cannot hold.
Thus, some work remains to be done in order to find the non-perturbative D-
instanton corrections for D7, O7− and O7+.
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